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Abstract
In response to difficulties in understanding the notion of chemical substance at issue in Gibbs’ phase rule, there is a long tradition of reformulating the simple statement of the rule. The leading idea is to rewrite the rule with a term for the number of substances actually present and to introduce additional terms making explicit the various kinds of restrictions which in the original formulation are taken to be incorporated into Gibbs’ notion of the number of independent substances. Although the number of independent substances cannot in general be interpreted as the number of substances actually present, it is not an entirely derivative concept as the authors of the reformulations sometimes seem to presuppose. In particular, it is doubtful whether the number of substances actually present is a clearly delimited concept which can be determined prior to the application of the phase rule. In that case, the phase rule provides a useful source of information for the determination of the number and nature of the substances actually present in a mixture which should be properly reflected in an adequate interpretation of Gibbs’ notion of independent substances. For this purpose, I propose a mereological interpretation of the way independent substances are related to the substances actually present which makes sense of the fact that the former are not uniquely fixed but can be chosen from the latter in several ways.
1. Introduction
Chemistry is “concerned”, as Benfey (1963, p. 574) puts it in his opening sentence, “with substances and with their transformations into other substances”. But the central notion of substance has a chequered history which hasn’t clearly led to a single simple unified concept. The general notion can be approached from a microscopic or a macroscopic perspective. The macroscopic perspective reflects, perhaps, the culmination of an older historical tradition, but has by no means been surpassed by the microscopic perspective which has developed since the beginning of the twentieth century.​[1]​ A central principle governing the macroscopic conception of substance is the phase rule—a theorem of classical thermodynamics first formulated by Gibbs (1876–1878 [1948]) which is a law actually specifying the number of substances in a mixture. I will be concerned here with the interpretation of the phase rule in the light of twentieth-century understanding of the microstructure of matter.
In response to difficulties in understanding the notion of chemical substance at issue in Gibbs’ phase rule, there is a long tradition of reformulating the simple statement of the rule. The leading idea is to rewrite the rule with a term for the number of substances actually present and to introduce additional terms making explicit the various kinds of restrictions which in the original formulation are taken to be incorporated into Gibbs’ notion of the number of independent substances. Although the number of independent substances cannot in general be interpreted as the number of substances actually present, it is not an entirely derivative concept as the authors of the reformulations sometimes seem to presuppose. In particular, it is doubtful whether the number of substances actually present is a clearly delimited concept which can be determined prior to the application of the phase rule. On the contrary, the phase rule provides a useful source of information for the determination of the number and nature of the substances actually present in a mixture which should be properly reflected in an adequate interpretation of Gibbs’ notion of independent substances.
An integral part of Gibbs’ notion of independent substances is that they are “independent (i.e., that no one can be made out of the others), so that the total quantity of each component is fixed” (Gibbs 1948, p. 66), and may be chosen “entirely by convenience, and independently of any theory in regard to the internal constitution of the mass” (1948, p. 63), the substances being. This suggests that there is a pool of substances from which a choice of independent substances can be made in several ways. Since a single system is at issue, the freedom of choice is presumably an expression of the fact that the same relationships between the substances in this pool can be recovered in different ways from different selections of some but not all of these substances as independent substances. This circumstance is suggested by textbook writers who resort to algebraic terminology to explain the relation between the independent substances and other substances which are naturally thought to be present in the mixture at issue. But the explanations are sketchy and the algebraic allusions obscure. Nevertheless, it seems to me there is a sound intuition which can be taken from these textbook discussions and put on a firmer footing by interpreting the algebraic operations in strict mereological fashion. This leads me to seek a systematic distinction between phase properties and substance properties, and in the first instance to confine the mereological operations to what substance properties apply to.
Such a distinction might seem natural enough given that the Gibbs phase rule in its original formulation contains a term for the number of independent substances and a term for the number of phases. But it is essentially related to the time, which is not explicitly represented in the phase rule in any of its various formulations. It is generally understood, however, that thermodynamics applies to situations where macroscopic equilibrium reigns. And the independence of thermodynamics from “any theory in regard to the internal constitution of the mass”, as Gibbs puts it, is understood as independence from the fluctuations at the microlevel which are evened out over sufficiently long intervals of time. It is therefore appropriate to say that thermodynamic equilibrium is maintained for (sufficiently long) intervals of time, and that the features distinguished by thermodynamic theory hold for such intervals of time. Both substance and phase properties are therefore expressed by dyadic predicates applying to a quantity of matter and an interval of time. The distinction between substance and phase properties can then be roughly expressed by saying that substance properties are permanent (i.e. hold of a quantity of matter throughout the time equilibrium is maintained) whereas phase predicates are not permanent (in this sense).
2. Substances and independent substances
The phase rule presents a problem because of the vexed notion of independent substances counted by the term “c” in the classic statement of the phase rule,
Variance = c – f + 2 ≥ 0,
where f is the number of phases and the variance is the number of independent intensive variables governing the state of the system.​[2]​ The interpretation of “c” has been a bone of contention ever since the principle came into regular use at the end of the nineteenth century. Authors were soon discussing ways of alleviating what T. W. Richards (1916, p. 984) described as the “difficulty” that in application of the rule, allowance must be made for various restrictions which lead “the number of ‘components’ to be different from the number of individual chemical substances taking part in the reaction”. This line of thought was taken up by Bowden (1938), who bemoaned the fact that “[Gibbs’] term ‘number of components’ has … to bear the brunt of the matter and assume a responsibility not shouldered by the equation itself” (p. 331). He advocates a reformulation in which C is “that total number of chemical constituents (that is, actual chemical substances) present in the system” (loc. cit), writing (with adjustments in Bowden’s notation for uniformity here)
Variance = C – R – f + 2 – r,
where R is the number of reversible reactions “and r, the restriction term, is equal to the number of pairs of phases having the same concentration or composition” (loc. cit.). The liquid and vapour phases of an azeotropic mixture, such as alcohol in 4% by weight of water, have the same composition and r = 1. The variance in this case is then 2 – 0 – 2 + 2 – 1 = 1, and the temperature is fixed by the pressure. At constant pressure, then, the azeotropic alcohol-water mixture distils at constant temperature (78.3°C at one atmosphere). Usually, the liquid and vapour phases of a two-component, two-phase mixture have different compositions, and the variance is 2. At constant pressure, the temperature at which two phases are exhibited in equilibrium is not fixed, but varies with the compositions of the phases (which are fixed by the temperature and pressure).
More recently, Rao (1985, 1987) has taken up the banner, incorporating an idea from Brinkley (1946) and suggested reformulating the phase rule as
Variance = (C – R – s) – f + 2 – t + u,
(again accommodating notation for uniformity). Here s is the number of “stoichiometric constraints”, R is more carefully specified as the number of “independent reaction equilibria”, t the number of “special or additional constraints” and u the number of “special or additional variables”. C is said to be the number of species, where “[a] species is defined as a chemically distinct entity” (1985, p. 40), in  terms of which Rao goes on to introduce c, the number of components in Gibbs’ sense, in effect as (C – R – s).​[3]​ He concludes that “the number of independent components in the Gibbsean sense does not necessarily have to refer to real constituents but more generally represents the minimum composition-parametric-equations that are required to define fully the phase compositions in the system” (1987, p. 333).
These successively more elaborate formulations of the phase rule seek to explicitly articulate different kinds of circumstances affecting the variance which otherwise conspire to obscure the “actual chemical substances” or the “chemically distinct entit[ies]” present in the system. The number of actual chemical substances is not counted by Gibbs’ number of independent components, which Rao goes so far as to construe as an abstract number required for calculating phase composition without reference to the “real constituents” (1987, p. 333). I will argue that what the actual chemical substances or chemically distinct entities present in a mixture are or how they are to be counted is not so clear prior to the application of the phase rule, and the notion of independent substances provides valuable help in understanding the kinds of substance present in a mixture even if it doesn’t always count them.
3. Water: many chemical entities but one substance
When explaining the terms he introduces in his modified formulation of the phase rule, Rao explains
A species is defined as a chemically distinct entity. For instance, in a system comprised of H2O (g) and H2O (l) the number of species is but one. On the other hand, in the H2 (g) – O (g) – H2O (g) – system, there are three species (Rao 1985, p. 40).
But consider the two-phase system of water in an enclosed container exhibiting liquid and gas phases. The microstructure of the liquid phase is notoriously complex, involving association of water molecules into hydrogen-bonded oligomers formed in equilibria of the kind
2H2O   ⇄   (H2O)2,
H2O  +  (H2O)2   ⇄   (H2O)3,
…
					H2O  +  (H2O)n   ⇄   (H2O)n+1.
Further, water molecules dissociate into positively charged hydrogen cations and negatively charged hydroxyl anions, and these attach to the hydrogen-bonded clusters in equilibria of the following kinds:
H2O   ⇄   H +  +  OH–.
3H2O   ⇄   H3O +  +  (H2O)OH–,
…
(2n + 1)H2O   ⇄   (H2O)nH+  +  (H2O)nOH–.
There are thus a large number of chemical entities in liquid water. We might even say there is an indefinite number since there is no definitive least upper bound on n in the formulation of these equilibria.
Why, the question naturally arises, should a mixture of all these different kinds of particles be thought to constitute a single substance? Which is the one single species Rao speaks of? Other authors think the phase rule provides the answer. The system comprising H2O (g) and H2O (l) is typical of a system where “the equilibrium pressure of a two-phase one-component system does not depend on the relative or total amounts of the two phases”, which behaviour “serves as a criterion of purity, since it is not true of mixtures” (Koningsweld et al. 2001, p. 9; first part of quote italicised in the original). To put it another way, suppose the two-phase quantity of water is confined at fixed temperature to a closed container fitted with a piston. Any attempt to decrease the pressure by raising the piston and increasing the volume available to the water will fail (as long as two phases remain), because the liquid phase will decrease in volume as matter goes into the gas phase to maintain the pressure. Similarly, attempting to increase the pressure by decreasing the volume will be thwarted by the volume of the gas decreasing as matter goes into the liquid phase to maintain the pressure. Continuing the processes of increasing or decreasing the volume will eventually lead to a single phase being formed (gas in the first case, liquid in the second), which is bivariant, so that pressure and temperature can vary independently. This behaviour is in accordance with the phase rule for a system for which the number of independent substances, c, is one. 
The phase rule not only determines that we are dealing with a single substance in the H2O (g) and H2O (l) system; it also determines that, at relatively high temperatures, the H2(g)–O(g)–H2O(g)–system resulting from heating water comprises a single substance. At around 2000 K, water is about 1% dissociated, and the equilibrium
2H2O   ⇄   2H2  +  O2
is established. The bivariant behaviour of the single-phase gas can be understood in terms of the phase rule by taking into account the constraints on the system. The chemical reaction reaches equilibrium, affording an equality involving the chemical potentials of the substances present, and there is the further constraint that the hydrogen and oxygen are in equivalent proportions. (The bivariant behaviour becomes trivariant if additional hydrogen or oxygen is introduced, destroying the equivalent proportions of the two.) Although there are apparently three substances present, then, there is just one independent substance.
The situation is analogous to the dissociation of water molecules in the liquid phase into hydrogen and hydroxyl ions. In that case there were even more reactions as the ions associated with clusters of water molecules. But although there are 2n +1 species involved in these equilibria, there are n equilibrium constants and n equations expressing equality of molar concentrations maintaining electrical neutrality, and so just one independent substance. Similarly, in the formation of neutral clusters, n+1 different microscopic species arise in n equilibria, and again there is just one independent substance. It is not clear exactly how many species of cluster there are in liquid water. But so long as the number of substances actually present is determined by the phase rule, there is definitely just one substance. Although the exact number of cluster species is uncertain, any cluster species that does arise is generated in an equilibrium, so that for each additional cluster species there is an equilibrium condition which ensures that the total number of independent substances is one.
The phase-rule criterion is taken to show that there is just one substance at issue in the latter case, where many microscopic species are involved. Parity of argument would suggest that we say the same in the former case involving macroscopically recognisable species, that there is a single substance present when water is heated to 2000 K. What distinguishes the single substance from the many species, I will argue, is that the single substance is permanent in the sense that it applies to matter that is all this substance kind throughout the period of equilibrium. This might be understood in terms of van ’t Hoff’s idea of a dynamic equilibrium at the microlevel corresponding to the stationary equilibrium at the macrolevel. The dynamic equilibrium is attained when the rates of the forwards and backwards processes are equal, so that concentrations of reactants and products are maintained by what is consumed being continually replaced at such a rate as to maintain the equilibrium concentrations. What is water is just the mereological sum of all those bits of matter which are sometime parts of one microspecies, sometimes parts of another. Because all the microspecies participate in the dynamic equilibria, there is no single thing which is of any of the microspecies kinds throughout the period of equilibrium. Similarly for the equilibrium at 2000 K, since the products of dissociation and association are continually created and destroyed in the dynamic equilibrium, there is no quantity of matter which is hydrogen throughout the period of equilibrium or oxygen throughout the period of equilibrium. There is just the mereological sum of bits of matter which sometimes make up water molecules, sometimes hydrogen molecules and sometimes water molecules. The phase rule holds of quantities of matter of macroscopic dimensions for macroscopic intervals of time, so these sums are taken over periods of time which are considerably longer than half lives of the various microscopic species involved.
The macroscopic equilibrium between the phases of the multi-phase systems are analogous to the microscopic species in so far as they too involve dynamic equilibria at the microlevel. Matter continually enters the gas from the liquid phase, which is replenished by other material leaving the gas phase and entering the liquid phase. Under constant pressure, the volume of liquid in the univariant two-phase system comprising water is constant, but there is no quantity of matter which comprises this volume of liquid throughout the period of equilibrium.
The single-substance systems are a special case. How does the idea of substances as permanent features of equilibrium systems generalise to cases where there are several independent substances?
4. More than one substance
A simple example of a system comprising several substances is the three-phase mixture of two salts, ammonium chloride and ammonium nitrate, together with insufficient water to entirely dissolve them. There are three phases, one solid phase comprised of one of the salts, another solid phase comprised of the other salt and a saturated aqueous solution of the two salts. A system of three substances and three phases is bivariant according to the phase rule, and is at equilibrium over a range of temperatures and pressures which may vary independently. But the composition of the solution is determined for definite values of the temperature and pressure, and is independent of the masses of either of the salts and the water, provided all three phases are exhibited.
An apparently similar system comprising the two salts potassium sulphate and ammonium sulphate together with insufficient water to entirely dissolve them is trivariant, however, and not bivariant like the foregoing example. Not only can temperature and pressure vary independently (within certain limits); the composition of the solution is not fixed by the temperature and pressure, but depends also on the relative amounts of the salts and the water. The system is analogous to one with two immiscible liquids and a third substance dissolved in both. In both cases, there are three substances and the variance is 3, from which it follows that the number of phases is 2. The former of these trivariant systems therefore exhibits just one solid phase in addition to the liquid. Unlike the bivariant system in which the two salts, ammonium chloride and ammonium nitrate, form distinct solid phases, the two salts potassium sulphate and ammonium sulphate form a solid solution constituting a single phase, just like the liquid solutions in these examples.
Homogeneous (single phase) mixtures of several substances can be either solid, liquid or gas. Gases are always miscible in all proportions, and there can never be more than a single gas phase. But several liquid and solid phases may appear, either as mixtures or immiscible substances. When several substances come together, they might also be of such a nature as to enter into a chemical reaction with one another and generate new substances. From the original form of the phase rule, we would expect an increase in the number of substances to increase the variance, whereas increasing the number of phases decreases the variance. But where there is a chemical reaction that is allowed to come to equilibrium, we have to consider that the equilibrium obtains in virtue of a relation between the chemical potentials of the substances, introducing an equation which reduces the number of independent variables governing the state of the system.
To take a simple example, consider sodium bicarbonate in a closed and previously evacuated container at 60°C. There is an appreciable vapour pressure of carbon dioxide, and when this is removed the remaining solid is found to be hydrated sodium carbonate, which must coexist with the carbon dioxide and sodium bicarbonate under conditions in which the following equilibrium obtains:
2 NaHCO3  ⇄  Na2CO3·H2O  +  CO2.
If a little water is added, insufficient to dissolve all the solid matter, then a solution saturated with NaHCO3 and Na2CO3·H2O constitutes one of four phases in the system, two others being solid NaHCO3 and solid Na2CO3·H2O, and the fourth phase is the gas. Four substances distributed over a system of four phases would suggest a variance of 2 according to the original phase rule. If the temperature is fixed, the pressure should still vary with the volume. But it doesn’t. The pressure of the gas remains constant, just as with the two-phase, single substance system discussed in the previous section. Attempting to increase the pressure (at fixed temperature) by decreasing the volume results in carbon dioxide leaving the gas phase and combining with Na2CO3·H2O to form NaHCO3 until the equilibrium pressure is attained, and fails to change the pressure. The chemical reaction provides a condition reducing the number of independent variables to 1.
The phases are not constituted of the same matter over time, even while equilibrium prevails. The equilibrium is a dynamic one at the microlevel, in accordance with van ’t Hoff’s thesis, and matter is continually exchanged at rates which, over macroscopic intervals of time, sustain the concentrations at constant levels. But we can distinguish between the phase properties and the substance properties. At no time does the gas comprise any other substance than carbon dioxide. But the substance carbon dioxide is not exhausted by the gas, and can be understood to be a fixed quantity of matter throughout the duration of the equilibrium. Similarly, we can distinguish the properties of being the sodium bicarbonate phase and the sodium bicarbonate substance, and understand the latter to apply to the same matter throughout the duration of the equilibrium but not the former. The same goes for the hydrated sodium carbonate phase and substance properties, and the water phase and substance properties. In view of the chemical reaction, what the sodium bicarbonate substance predicate applies to is the mereological sum of the quantity that the hydrated sodium carbonate substance predicate applies to and what the quantity that the carbon dioxide substance predicate applies to. Gibbs’ notion of independent substances can therefore be understood in this case to mean that three substance predicates are sufficient to make all the distinctions of substance needed to understand the macroscopic state of the system. If these are taken to be hydrated sodium carbonate, carbon dioxide and water, each understood to apply to a quantity of matter mereologically separate from what the others apply to, and jointly exhausting (i.e. their mereological sum being identical with) the matter of the system, then the remaining substance predicate, sodium bicarbonate, applies to the sum of what the hydrated sodium carbonate and carbon dioxide predicates apply to.
We have seen that it is an integral part of Gibbs’ notion of independent substances that they can be chosen in different ways. In the present case, we could choose as independent substance predicates sodium bicarbonate, carbon dioxide and water, understanding the water to be separate from each of the sodium bicarbonate and the carbon dioxide, and the carbon dioxide to be a proper part of the sodium bicarbonate. The remaining substance, hydrated sodium carbonate, can then be taken to be the mereological difference of the sodium bicarbonate less the carbon dioxide. A third alternative would take sodium bicarbonate, hydrated sodium carbonate and water as independent substance predicates, and the carbon dioxide would be the mereological difference of the sodium bicarbonate less the hydrated sodium carbonate.
A slightly different construal is possible of what the water substance predicate applies to in these cases. In each case, it might be construed as applying to a quantity which overlaps (without coinciding with or including or being included as a proper part of) the quantity that the hydrated sodium carbonate substance predicate applies to. Then, on the reconstrued first alternative, the remaining substance predicate, sodium bicarbonate, still applies to the sum of what the hydrated sodium carbonate and carbon dioxide predicates apply to. And in the reconstrued second alternative, the hydrated sodium carbonate is still the mereological difference of the sodium bicarbonate less the carbon dioxide. The third alternative is similar.
Consider now the system formed by adding potassium chloride, KCl, and sodium sulphate, Na2SO4, to a little water (not enough to dissolve all the solid). The two salts react to form potassium sulphate and sodium chloride in accordance with the equilibrium
KCl  + Na2SO4  ⇄ K2SO4  +  NaCl.
There are thus five substances present, which the single reaction equilibrium reduces to 4 independent substances. These can be chosen as water and any three of the four salts, say KCl, Na2SO4 and K2SO4, in which case the NaCl is the difference of the sum of the KCl and the Na2SO4 less the K2SO4. Taking KCl, K2SO4 and NaCl as the three independent salts, then the Na2SO4 is the difference of the sum of the K2SO4 and NaCl the less the KCl. Alternatively, we might consider the system to comprise water and the four ions K+, Na+, Cl–, and . There is no decomposition reaction between the ions, but their concentrations satisfy the condition on electroneutrality: , where xA is the concentration of A. So again there are just 4 independent substances, water and three of the four ions. Choosing K+, Na+ and Cl–, the  is the difference of the total quantity of matter in the system, ∑, less the sum of the three chosen ions.
5. Conclusion
Relating macroscopic and microscopic descriptions of matter concerns not only relating the large to the small, but also long to short intervals of time. For whereas macroscopic descriptions invariably hold of relatively long periods of time and not necessarily for very short ones, the converse is true of microscopic descriptions. Taking the idea of a chemical substance to be a macroscopic idea, I take it that it applies to relatively large quantities of matter for relatively long intervals of time, of the order of a microsecond or more. The fact that a single substance like water consists of many different kinds of microentities can be understood on the basis of van ’t Hoff’s suggestion that what appears as a stable and unchanging equilibrium at the macrolevel is the scene of constant and rapid change at the microlevel balanced in a dynamic equilibrium. The macroscopic effect of the multifarious processes at the microlevel is that of a single substance, according to the criterion provided by the phase rule, which can be understood in terms of the substance predicate at issue applying to a quantity of matter which is the mereological sum of all the matter that is involved in the microlevel processes. According to this interpretation, what the substance predicate applies to for a macroscopic interval of time is something which is all that substance throughout that time. There is no such quantity of matter constituting one of several phases of a single-substance system at equilibrium. The interpretation is shown to apply to a number of systems with several independent substances. But these are relatively simple systems, and it remains to show that the interpretation can be generalised without restriction.
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^1	 	For a historical sketch of the development of the concept of chemical substance, see Needham (2010a). For a critique of the idea that Kripke and Putnam’s writings on microessentialism motivate exclusively microscopic criteria of sameness of substance, see Needham (2010b).
^2	 	For a derivation, see Denbigh (1981, pp. 184-6).
^3	 	The actual definition has R replaced by r*, “the maximum number of linearly independent reactions that are required to describe the system” (1985, p. 41).
